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Planar Rayleigh scattering provides quantitative mixing measurements in the
developing region of axisymmetric turbulent helium jets issuing into air. The
measurements focus on the relatively near field, in which the jets are primarily
momentum driven. The imaging parameters are specified to ensure high spatial
resolution. The mean jet fluid concentration fields attain self-similarity within the
measurement region, though the forms of the mole fraction profiles indicate a
reduction in turbulent transport at the jet outer boundary, arising from the reduced
jet fluid density. Nevertheless, jet-like scaling pertains for the concentration fields.
Mass fraction fluctuations on the jet centreline attain the expected asymptotic
value of ≈23 % of the centreline mass fraction values. The scalar dissipation rates,
however, show an axial decay rate that is slower than theoretical predictions. The
two-dimensional extent of the measurements also allows spatial filtering similar to
that inherent in large-eddy simulations (LESs). The results confirm that fluctuation
levels and scalar dissipation rates determined for the filtered fields are reduced as the
effective resolution is reduced, but while the fluctuation profiles for the filtered fields
are similar for the different filter sizes, the forms of the scalar dissipation profiles are
highly dependent on filter size. These latter results in particular are of a form that
will be useful for grid-dependent assessments of LES results.
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1. Introduction
There has been long-standing interest in the axisymmetric turbulent jet, arising both

because of its direct importance in a variety of engineering applications and because
of its value as a well-defined, canonical turbulent shear flow that can offer insight
into basic aspects of turbulent flows and more complex shear flow systems. Many
applications of the turbulent jet, such as non-premixed combustion, fundamentally
depend on the mixing of the jet and ambient fluids. Challenges confronting
computational efforts in non-premixed turbulent jet flames include the representation
of the effect of significant local fluid density variations on the mixing field and
accurate simulation of the properties of the scalar gradient terms, which are important
in models for reacting flows. Validation of computations that invoke length-scale
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relations, such as large-eddy simulations (LESs), also requires information on mixing-
field properties at different levels of resolution. Prior work in axisymmetric turbulent
jet mixing by e.g. Becker, Hottel & Williams (1967), Birch et al. (1978), George (1989),
Dowling & Dimotakis (1990) and Mi, Nobes & Nathan (2001) has explored the
properties of the mean jet fluid concentration field, including its turbulent fluctuations
and similarity properties. To study variable-density effects, a simple system is the
isothermal jet in which jet fluid of one density issues into ambient fluid of a different
density. Pitts (1991a ,b) and Richards & Pitts (1993) applied pointwise Rayleigh
scattering to study mixing in axisymmetric turbulent jets for different combinations
of jet and ambient fluids, with jet–ambient density ratios ranging from 0.14 to 5.11.
Panchapakesan & Lumley (1993) studied mixing in the far field of helium jets issuing
into air, using hot-wire probes for simultaneous point measurements of velocity and
helium concentration in the intermediate region between the jet near field, where the
flow is momentum driven, and the far field, which is plume-like.

In the present work, we apply quantitative Rayleigh scattering imaging to a helium
jet in air, with a jet-to-ambient fluid density ratio of 0.14. The imaging resolution
is designed to allow the accurate measurement of the in-plane spatial gradient
components. The data can also be spatially filtered to represent the properties of
LES data at the computational grid or filter scales. For non-premixed reacting jets,
the mixing in the flow near field has a defining effect on the flame properties, even for
lifted flames in which the reaction zones begin downstream from the nozzle (Su, Sun
& Mungal 2006). The present imaging measurements extend from just outside the jet
exit, allowing the investigation of the axial evolution and similarity properties of the
mixing field in regions in which, while buoyancy effects are small, density variations
as high as 7:1 reflect typical temperature variations in hydrocarbon–air flames.

Mixing in variable-density jets can be quantified by the local mole fraction X,
which measures the proportion by volume of fluid at a given point that originated in
the jet, or by the local mass fraction Y , which measures the proportion by mass of jet
fluid at a given point. A common method to assess flow development in axisymmetric
jets considers the axial evolution of concentration fluctuation magnitudes on the
centreline, normalized by the mean centreline concentration values. Sufficiently far
from the jet exit, the self-similarity of the turbulent field is presumed to lead to an
asymptotic value of the normalized centreline concentration fluctuations. Dowling
& Dimotakis (1990) found that the normalized fluctuations in uniform-density jets
reached an asymptotic value of ≈23 % as early as 20 diameters from the jet exit.
A particularly noteworthy observation by Pitts (1991a) is that in variable-density
jets, the normalized mole fraction fluctuations on the centreline approach asymptotic
values that are dependent on the jet–ambient fluid density ratio, while the normalized
mass fraction fluctuations approach the same value of ≈23 %. Here we investigate
the discrepancies between the present mole fraction and fluctuation results and the
results from constant-density jets, to attempt to identify the particular mechanisms
from which the density dependence arises.

It is often useful to investigate mixing in terms of the scalar dissipation rate
χ , which is commonly defined as the loss term in the evolution equation for the
square of a scalar quantity (e.g. Y ). For flows with variable density ρ (but with
constant diffusivity DY between the jet and ambient fluids), this evolution equation is
given by

∂(Y 2)

∂t
+ u · ∇(Y 2) − DY ∇2(Y 2) − DY

ρ
∇ρ · ∇(Y 2) = −2DY ∇Y · ∇Y ≡ χ. (1.1)
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(Other definitions of χ , based on the evolution equation for Y 2/2 or for the scalar
fluctuations Y ′, do not have significant qualitative differences from this definition.)
For non-premixed combustion, for example, χ (normalized by Y ′

rms) is interpreted
as the inverse of the mixing time scale that is established by the flow field.
Under fast chemistry conditions χ is directly proportional to the instantaneous
volumetric reaction rate (Bilger 1976a ,b). Properties such as flame stabilization and
extinction also depend on χ . The definition of χ in terms of spatial gradients
means that its measurement by conventional single-point methods requires multiple
measurement probes (Lockwood & Moneib 1980; Effelsberg & Peters 1988). However,
reported measurements have been unable to reproduce theoretical predictions for
the axial evolution of χ on the centreline of axisymmetric turbulent jets (Peters
& Williams 1983; Bilger 2004). The present planar measurements inherently allow
spatial differentiation in both in-plane directions, which, together with the assumption
of axial symmetry, allows the direct measurement of χ on the jet centreline. Ensuring
that the grid spacing of the imaging planes is sufficiently small to resolve the fine
dissipation scales, however, means that the imaging planes must be reasonably small.
Partly for this reason, prior planar measurements of χ (e.g. Buch & Dahm 1996, 1998;
Su & Clemens 1999, 2003) have generally focused on small-scale mixing properties;
in addition, Bilger (2004) has argued that the spatial resolution requirements for
measuring scalar dissipation rates from planar imaging data have not been well
explored. In the present work, we seek to maintain spatial resolution sufficient
for measuring the scalar gradients by dividing the full measurement domain into
a series of five smaller sub-windows. Each sub-window spans the order of the
local jet width while resolving the characteristic length scales of the scalar gradient
terms.

The spatial extent of the planar measurements makes the results ideal for
assessments of LESs of jet mixing. LES of round jets has been reported by Olsson
& Fuchs (1996), Basu & Mansour (1999), Boersma (2004) and Suto et al. (2004).
LES results are, by definition, grid dependent, meaning that computed quantities
such as scalar fluctuations and gradients will depend on the resolution of the grid
(or filter) scale used for the simulations. Fully resolved experimental data, or direct
numerical simulation (DNS) results, are thus inappropriate for assessing LES results
for grid-scale fluctuations and gradients. In this work we will investigate the issue of
grid dependence by applying two-dimensional filters of different sizes to the planar
measurements and then considering the similarity properties and axial evolution of
the fluctuations and gradients computed on the filtered results. The grid dependence
of the scalar fluctuations is particularly interesting: it has been long recognized
(Leonard 1979; Zalesak 1979) that computations of the transport equation for a
passive scalar can incur numerical instabilities that must be artificially controlled; so
accurate representation of scalar fluctuations is especially challenging, even without
grid dependence effects.

The first primary objective of the present work is to demonstrate the use of Rayleigh
scattering imaging to make quantitative measurements of mixing, with high spatial
resolution, in the buoyant helium–air jet. Section 2 presents details of the imaging
arrangement and data reduction procedure, including a novel method for measuring
background light levels. We then apply those measurement results to investigate the
similarity and scaling properties of the mixing field, including the values of the mean
scalar, scalar fluctuations and scalar dissipation rate in the developing region of the
flow (§ 3.2–§ 3.4). Finally, we consider the effect of LES-type spatial filtering on the
measured fluctuations and dissipation rates in § 3.6.



62 L. K. Su, D. B. Helmer and C. J. Brownell

u0 Re0 xFr,max xj θ xmax/θ Reδ

21.7ms−1 800 1.54 12.4d 7.9d 4.8 5400
40.1ms−1 1500 0.83 22.8d 14.7d 2.6 10 100
66.5ms−1 2500 0.50 37.9d 24.6d 1.5 16 800

Table 1. Flow conditions for the buoyant jet experiments (quantities defined in § 2.1).

2. Experimental method
2.1. Run conditions

In these experiments a helium jet flow issues vertically upward from a nozzle with inner
diameter d = 4.6 mm and length 44d . The jet is surrounded by a slow (u∞ = 0.5 m
s−1) co-flow of air. Both the jet and co-flow fluids are passed through high-efficiency
particulate-arresting (HEPA) filters to eliminate particulate Mie scattering in the
imaging region. Table 1 summarizes the run conditions for the experiments. We
consider three jet exit bulk velocities, u0 = 21.7 m s−1, 40.1 m s−1 and 66.5 m s−1. At
room temperature and pressure, helium has density ρ0 = 0.165 kg m−3 and dynamic
viscosity μ0 = 2.0 × 10−5 kg (m s)−1; so the corresponding jet exit Reynolds numbers
(determined using the jet exit excess velocities) are, respectively, Re0 = 800, 1500 and
2500. The measurement region extends to x = 38.04d downstream from the jet exit.

A full characterization of the flow system must account for the co-flow velocity,
the effects of the positive jet buoyancy and the effects of the different jet and ambient
fluid densities apart from buoyancy. While the momentum flux at the jet exit is J0,
the momentum flux at any downstream section (defined by fixed x) increases with
downstream distance, as the jet fluid elements are accelerated by buoyancy. In the near
field, then, the scaling of the flow, as quantified by the centreline mean velocity and
the mean velocity profile width, will evolve similar to pure, momentum-driven jets;
after a transitional region, the integrated effect of buoyancy will become dominant in
comparison with the initial momentum, and the flow will observe plume-like scaling.
Chen & Rodi (1980) quantified the axial ranges of these regimes using a scaled
coordinate xFr , which is defined as

xFr = Fr−1/2

(
ρ∞

ρ0

)1/4
x

d
, (2.1)

where ρ∞ is the density of air and Fr ≡ u2
0/(gd(ρ∞ − ρ0)/ρ0) (g is the gravitational

acceleration) is a Froude number based on jet exit conditions. For xFr � 0.5, the flow is
in the momentum-driven, jet-like regime, while for xFr � 5, plume-like scaling pertains.
Table 1 shows xFr,max , which is xFr at the downstream limit of the measurement
region, as well as xj , defined as the value of x such that xFr = 0.5, for each of the jet
Reynolds numbers. The Re0 = 2500 case is fully momentum driven throughout the
measurement regime, while the other cases cross from the momentum-driven regime
into the transitional regime at x ≈ 12d and 23d , respectively. Neither of the two
lower-Re0 cases approaches the buoyancy-driven regime.

Results for flow scaling in variable-density momentum-driven jets can be made
consistent when the axial coordinate is normalized by an effective jet diameter,
defined by Dahm & Dimotakis (1987) as

d∗ ≡ 2m0

(πρ∞J0)1/2
≈ d

(
ρ0

ρ∞

)1/2

, (2.2)
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where m0 is the jet exit mass flow rate. The final expression applies the approximation
J0 ≈ (πd2/4)ρ0u

2
0, which is exact only if the velocity profile has a top-hat form; Pitts

(1991a) pointed out that d(ρ0/ρ∞)1/2 is within 5 % of the true d∗ even for pipe flow
velocity profiles.

The significance of the co-flow to the flow development is quantified in terms of
the momentum radius θ , which is defined using the jet excess momentum flux J0 as

θ ≡
[

J0

πρ∞u2
∞

]1/2

= d

(
ρ0

ρ∞

)1/2
ue

u∞
. (2.3)

That is θ is the jet radius that would be required for a jet with velocity u∞ to have
momentum flux J0. For sufficiently small x/θ , the effect of the co-flow is negligible
and the flow resembles a pure jet, while for large x/θ , as the jet velocity decays, the
co-flow becomes dominant and the flow observes wake scaling. For the three jet exit
Reynolds numbers here, the measurement region extends no further than x/θ = 4.8
downstream from the jet exit (table 1). Nickels & Perry (1996) showed that pure
jet scaling pertains up to x/θ ≈ 10; so the effect of the co-flow on the mean flow
development can be neglected in the present measurements.

While the jet exit Reynolds number, defined in terms of the kinematic viscosity of
the jet fluid, is familiarly used to characterize and specify jet flows, the wide disparity
between the jet and ambient fluid properties in these measurements means that the
downstream turbulence level is more precisely described in terms of an outer-scale Re

computed in terms of the viscosity of air, which reflects that the entrained air quickly
predominates in the flow. Let the mean mass flow rate across fixed-x sections in a jet
be m(x) = me(x) + m0, where m0 is the jet exit mass flow rate and me(x) is the mass
flow rate of entrained fluid at x. Ricou & Spalding (1961) measured these mass flow
rates in axisymmetric jets with varying density and found

me(x)

m0

= 0.32

√
ρ∞

ρ0

x − x0

d
. (2.4)

The location x = x0 in (2.4) is the effective virtual origin for the mass entrainment,
where me = 0. For these helium–air jets, ρ∞/ρ0 = 7.24; so by x = 10 d the flow
consists of 88 % entrained fluid by mass, and by x = 20 d , the flow contains 94 %
entrained fluid. Here, we define the outer-scale Reynolds number as Reδ ≡ ucδ/ν∞,
where uc(x) is the mean jet centreline velocity and δ(x) is the full width of the mean
axial velocity profile at 5% of the centreline velocity. The present work does not
include velocity field measurements; so to find uc and δ we apply the recommended
scalings given by Chen & Rodi (1980) for pure jets (neglecting buoyant acceleration):

uc = 6.2 u0

√
ρ0

ρ∞

(x

d

)−1

, δ = 0.36 x. (2.5)

Thus Reδ is uniform for a given axisymmetric jet, and the jet exit Reynolds numbers
Re0 = 800, 1500 and 2500 correspond to Reδ = 5400, 10 100 and 16 800 respectively.
Dimotakis (2000) has argued that the so-called mixing transition, beyond which the
mixing field attains its asymptotic, high-Reynolds-number state, occurs in jets in the
range Reδ = 10000–20000 (using the present definition of Reδ). The Re0 = 1500 and
2500 jets here should thus be well representative of high-Reynolds-number mixing.

2.2. Rayleigh scattering imaging

Rayleigh scattering, the elastic light scattering from particles with diameter smaller
than the incident light wavelength, for example gas molecules (Eckbreth 1988), is
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familiar in gas-phase scalar imaging experiments (Escoda & Long 1983; Yip & Long
1986; Buch & Dahm 1998; Su & Clemens 1999, 2003). The Rayleigh scattering cross-
section σ of a given species depends on its index of refraction n as σ ∝ (n − 1)2. For
a mixture, the scattering cross-section σm is the mole-fraction-weighted average of the
cross-sections of the constituent species. Under isothermal and isobaric conditions
the number density of molecules is constant, and the local (background-corrected)
Rayleigh scattering signal level SR from a mixture can be written as

SR ∝ I · E · σm = I · E
∑

j

Xjσj , (2.6)

where I quantifies the local incident (laser) light intensity; E measures both scattering
efficiency (which does not vary in these experiments) and signal collection efficiency;
and Xj and σj are the mole fraction and Rayleigh scattering cross-section, respectively,
of species j at the given location. In the present experiments, I and E can be measured
at each point, and so we can determine SF = SR/(I · E), the fully corrected Rayleigh
scattering signal; then, since the mixture consists of two species, namely air and
helium, we can invert this corrected scattering signal to find the helium mole fraction
XHe , uniquely, as

XHe =
1 − SR/(I · E)

1 − σHe/σair

(2.7)

using Xair + XHe = 1. Details of the data reduction procedure appear in § 2.3.
Most imaging work that uses Rayleigh scattering involves the binary mixing of

a relatively high-index gas, such as propane (Buch & Dahm 1998; Su & Clemens
1999, 2003) or Freon (Yip & Long 1986), with air (nair ≈ 1.000292). Propane has
an index of refraction nC3H8

≈ 1.001081 (Bartels et al. 1962); so its scattering cross-
section is over 13 times that of air. For a propane jet issuing into air, regions with
high jet fluid concentration give high scattering signal, while the lowest signal levels
correspond to ambient fluid regions. In contrast, for the present helium jets issuing
into air, the index of refraction of helium is nHe ≈ 1.000035, and so σHe/σair = 1/72
in (2.7); thus, regions with high jet fluid concentration give low scattering signal,
and the highest signal levels will correspond to the ambient air. We will refer to
the diagnostic arrangements with a high- and low-index jet fluid as, respectively,
‘positive’ and ‘negative’ scattering. The highest signal levels for the negative scattering
experiments will only be equivalent to the lowest signal levels in positive scattering, and
the contrast between the highest and lowest signal levels in negative scattering will
be much lower than the contrast between extreme values in positive scattering (e.g.
|σHe − σair | ≈ |σC3H8

− σair |/13). Achieving quantitative accuracy in the negative
scattering imaging experiments therefore poses particular challenges both for the
experimental implementation and the subsequent data reduction.

Figure 1 depicts the imaging arrangement for these experiments. A dual-cavity,
double-pulsing Nd:YAG laser (PIV-400, Spectra-Physics, with nominal output 400 mJ
pulse−1 at 532 nm) serves as the light source. The pulse pairs are set to an inter-pulse
spacing of 500 ns, and each image captures the scattering from both pulses in the
pair. The 500 ns time spacing is well below the characteristic flow time scales. The
laser pulses are formed into sheets with constant height that traverse the imaging
area horizontally. We vary the laser sheet heights (over the range 3.5–5 cm) to match
the sizes of the different imaging windows used (table 2), by using combinations of
cylindrical lenses of nominal focal lengths 75 mm and 150 mm and spherical lenses
of nominal focal lengths 550 mm and 670 mm. The sheet thicknesses at their focal
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Window Re0 (xmin, xmax) (rl, rr ) Image size N

I 1500, 2500 (3.18d, 9.77d) (4.44d, 4.39d) 464 × 346 1000
II 800 (7.89d, 14.59d) (3.07d, 5.96d) 464 × 346 1000
IIa 1500 (7.89d, 14.51d) (3.04d, 5.85d) 464 × 346 1500
IIa 2500 (7.89d, 14.51d) (3.04d, 5.85d) 464 × 346 1500
III 800 (12.95d, 20.53d) (2.16d, 8.02d) 464 × 346 2000
IIIa 1500 (12.84d, 20.61d) (2.65d, 7.82d) 348 × 260 2500
IIIa 2500 (12.84d, 20.61d) (2.65d, 7.82d) 348 × 260 2500
IV 800 (18.84d, 28.91d) (3.22d, 10.26d) 348 × 260 3000
IV 1500 (18.84d, 28.91d) (3.22d, 10.26d) 348 × 260 3000
IV 2500 (18.84d, 28.91d) (3.22d, 10.26d) 348 × 260 3000
V 800 (25.25d, 38.04d) (3.65d, 13.46d) 348 × 260 3000
V 1500 (25.25d, 38.04d) (3.65d, 13.46d) 348 × 260 3000
V 2500 (25.25d, 38.04d) (3.65d, 13.46d) 348 × 260 3000

Table 2. Imaging window parameters for the experiments. The windows span from xmin to
xmax downstream from the jet exit and extend to rl and rr on either side of the centreline. In
the different windows the imaging array is binned to 464 columns by 346 rows or to 348×260.
For a given jet exit Reynolds number Re0 and a given imaging window, the data set includes
N images.

Double-pulsing Nd:YAG laser,

532 nm output (PIV-400, Spectra-Physics)

532 nm
mirror

Cylindrical
lens

Plano-convex
spherical lens

Thermoelectrically cooled CCD camera,
(Coolsnap-DIF Photometrics)

HEPA
filters

Mass flow
controller

Helium

Figure 1. Schematic of the imaging arrangement.

point (which is placed on the jet centreline) is ≈200 μm, and the sheets generated by
the two laser cavities are separated throughout the imaging region by no more than
20 μm. (Su & Clemens 1999 described the measurement method for sheet thicknesses
and placement used here.) A thermoelectrically cooled CCD camera (Coolsnap HQ-
DIF, Roper Scientific/Photometrics) captures the resulting Rayleigh scattering signal.
Depending on the imaging window in question, the camera is fitted with a Canon FD
85 mm, or 50 mm, L-series lens operated at its full f 1.2 aperture. Close-up lenses (+1
or +2 D, as needed) ensure proper focusing. The full camera resolution is 1392 ×
1040 pixels, but the imaging array is binned (at either 3 × 3 or 4 × 4 pixels; table 2)
to improve the signal-to-noise ratio.
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Window Re0 	x λD,u, λD,d 	x/λD,u, 	x/λD,d

I 1500, 2500 87.7 μm – –
II 800 89.7 μm 460 μm, 840 μm 0.20, 0.11
IIa 1500 88.3 μm 290 μm, 520 μm 0.30, 0.17
IIa 2500 88.3 μm 190 μm, 360 μm 0.46, 0.25
III 800 101.1 μm 750 μm, 1190 μm 0.13, 0.085
IIIa 1500 138.8 μm 460 μm, 750 μm 0.30, 0.19
IIIa 2500 138.8 μm 320 μm, 510 μm 0.43, 0.27
IV 800 178.7 μm 1090 μm, 1670 μm 0.16, 0.11
IV 1500 178.7 μm 680 μm, 1050 μm 0.26, 0.17
IV 2500 178.7 μm 470 μm, 710 μm 0.38, 0.25
V 800 226.8 μm 1460 μm, 2200 μm 0.16, 0.10
V 1500 226.8 μm 910 μm, 1380 μm 0.25, 0.16
V 2500 226.8 μm 620 μm, 940 μm 0.37, 0.24

Table 3. Spatial resolution parameters for the experiments. The pixel resolution in each
imaging window is given by 	x. The estimated finest scale of scalar dissipative structures,
in each window, is λD,u at the upstream side of the window and λD,d at the downstream
side.

To avoid compromising spatial resolution, the full measurement region is covered
by five individual imaging windows. Table 2 describes the locations and imaging
parameters of these windows. The sizing of the imaging windows reflects the increasing
size of the dissipative length scales with increasing x. Buch & Dahm (1998), for
example, estimated the dissipative scale in the scalar field, λD , as

λD(x) = ΛD δ(x) Re
−3/4
δ Sc−1/2, (2.8)

where δ(x) and Reδ are as defined in § 2.1; Sc ≡ ν∞/D = 0.20 is the Schmidt number
(where D is the mass diffusivity of helium in air); and ΛD is a proportionality
constant. In (2.8), δ(x) ∝ x, while the remaining terms are constant; so the dissipation
scale increases linearly with x. The resulting λD,u at the upstream limit of each
window, which is the minimum λD for the window and defines the most restrictive
resolution condition, is shown in table 3, along with λD,d , the dissipation scale at the
downstream limit of each window, and 	x, the pixel spacing in each window. The λD

are computed using a conservative value of ΛD = 10 in (2.8) (recommended values
of up to ΛD ≈ 15 appear in the literature, e.g. Su & Clemens 2003). The spatial
resolution of the measurements satisfies the Nyquist criterion throughout a given
window if the relative measurement resolution 	x/λD,u < 0.5 for that window. Here,
for Re0 = 800, 	x/λD,u is between 0.13 and 0.20; for Re0 = 1500, it is in the range
0.25 < 	x/λD,u < 0.30; and for Re0 = 2500, it is in the range 0.37 < 	x/λD,u < 0.46.

2.3. Data reduction

The low signal levels that characterize these negative scattering experiments place a
significant burden of accuracy on the data reduction process through which the raw
Rayleigh scattering images yield the helium mole fraction, XHe , by (2.7). Here, we
implement a novel approach for measuring background light levels, in addition to
accounting for non-uniform camera response efficiency, laser sheet attenuation and
instantaneous, frame-to-frame variations in the local laser light intensity, I , across the
imaging windows.
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Figure 2. Measurement of background light levels. (a) An averaged image of scattering from
ambient air only, with the partial beam block placed upstream of the imaging region as
shown. (b) Cross-sheet scattering intensity profiles for different beam block positions, from
column c, the centre column in the image in (a). The thick curve corresponds to the beam
block position in (a). The background correction image is constructed column-by-column by
interpolating/extrapolating on the minima of the different curves.

The raw imaging signal S at a given point can be decomposed as

S = (B) + [SR] = (Ba + Bl) + [I · E · σm], (2.9)

where the background signal B is any light captured by the imaging system that does
not arise from laser Rayleigh scattering in the imaging plane, SR , which is given in
(2.6). The background signal itself has two components, namely Bl , which represents
any uncontrolled diffuse or specular reflections that arise along the path of the laser
pulses, and Ba , the contribution from ambient light and other light sources. In a
well-controlled laboratory environment it is a simple matter to suppress non-essential
light sources, rendering Ba negligible. However, the effect of the low signal levels in
these experiments is to make Bl potentially of comparable magnitude to SR .

The conventional approach to measuring background signal levels, which entails
capturing images with the laser light source blocked prior to the measurement region,
properly quantifies only the Ba component. The effect of uncontrolled laser reflections
can originate anywhere along the laser path; so accurate measurement of Bl requires
that the laser actually propagates through the measurement region. To allow this, while
also preventing scattering from the imaging plane, we adopt a procedure in which we
block a portion of the laser sheet prior to the measurement region. The shadow of
the beam block then appears as a streak in the image. Since the majority of the sheet
passes through the image, the resulting Bl closely reflects the actual measurement
conditions, and B can be measured in the shadow of the block. The full B field
is then constructed as the composite of a set of these streaks that cover the image
plane. Figure 2(a) shows a sample average image from the background determination
procedure. The laser sheet traverses the images from right to left throughout this
paper. The bulk of the image shows the Rayleigh scattering from the ambient air,
while the shadow of the beam block is evident as the dark streak. Figure 2(b) shows
vertical, cross-sheet scattering intensity profiles, compiled across the centre column,
for a set of eight different positions of the beam block. To construct the full B field,
we proceed column-by-column, using profiles of the form in figure 2(b). On each
column, the B profile is formed from linear interpolation/extrapolation on the locus
of minimum points for the individual profiles.

The initial step in processing the data planes is to subtract this background field.
Figure 3(a) shows a sample background-subtracted imaging field, SR (2.6), from
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Figure 3. Stages in the data reduction process. (a) A sample imaging field from window III
for the Re0 = 2500 jet, after background subtraction to give SR (2.6). The intensity profile
corresponds to the dashed column indicated on the image. (b) The resulting SF field, after
sheet and response correction using the averaged correction field, Sc (2.10), and subsequent
correction for the instantaneous laser sheet profile. (c) The resulting helium mole fraction field,
determined using (2.7).

window III in the Re0 = 2500 case. The signal in those regions of the image that
contain only ambient fluid show clearly the spatial variation in laser sheet intensity,
as indicated by the signal intensity profile shown. Subsequent to the background
subtraction, we correct the data fields simultaneously for non-uniformity in the
camera response (the E term in (2.9)) and variations in the laser sheet intensity,
I , in an averaged sense. Camera response non-uniformity can arise, for example,
through lens vignetting or pixel-to-pixel variations in the imaging array itself and
can be assumed to be constant in time. Variations in I occur both in the cross-sheet
direction (i.e. the vertical direction in figure 2), manifesting the spatial profile of the
original laser pulse itself, and in the sheet propagation direction, as the result of spatial
attenuation through scattering. The cross-sheet variations can fluctuate significantly
in time, while the spatial attenuation is effectively constant. The correction field Sc

for this step is measured as the (background-subtracted) Rayleigh scattering signal
from ambient air only, giving

Sc = SR(XHe = 1) = I · E · σair , (2.10)

and variations in Sc are independent of composition. The background-subtracted data
fields are then divided by this Sc to yield a tentative sheet- and response-corrected
scattering intensity. By using the ambient air signal for the sheet correction, the
corrected fields are equivalent to the scattering cross-section normalized by the air
value.

It remains to correct the images further for instantaneous variations in the laser
sheet intensity distribution. Each of the imaging windows employed here is specified
so that the right side of the image contains ambient fluid only. At this stage of
processing the signal levels in the ambient fluid should be identically 1; so any
departure from that value represents deviation of the instantaneous sheet intensity
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Figure 4. (a) The averaged helium mole fraction field from the near field of the Re0 = 800
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from the averaged intensity. We can then use the signal level profile in an arbitrary
reference column from the ambient fluid region to correct the data in the remaining
columns through column-by-column division, using knowledge of the laser sheet
trajectory gleaned from the background measurements (figure 2a). In practice the
effect of this correction is small; at any point in the field, the root mean square
(r.m.s.) deviation of the instantaneous sheet intensity from the mean typically does
not exceed 2 % of the maximum sheet intensity in the field. Figure 3(b) shows the final,
corrected scattering image field SF . Finally, figure 3(c) shows the resulting helium
mole fraction, XHe (hereafter X), determined from the SF field in figure 3(b) using
(2.7).

2.4. Signal quality

The low signal levels characteristic of the present imaging arrangement make it
important to quantify the noise levels of the measurements. Figure 4(a) shows the
averaged X field from window I for the Re0 = 800 jet (the signal-to-noise ratio here
is not dependent on Re). In this region the flow is pre-transitional and essentially
steady. We can obtain direct estimates of the noise levels in the helium mole fraction
field by compiling X distributions in the two sub-windows indicated in the figure,
namely window α located in the potential core and window β in the ambient air
region. Figure 4(b) shows the probability distributions of X in windows α and β . The
estimated signal–noise ratio is ≈227, based on the nominal maximum X = 1 and
the signal standard deviation (0.0044) in the jet core (window α), and ≈64, based on
X = 1 and the signal standard deviation (0.0157) in the ambient region (window β).
The highest scattering signals, and thus the highest noise levels, occur in the ambient
fluid region in these negative scattering experiments. In the remainder of this paper,
the helium mole fraction results are processed with a 5 × 5 median filter to reduce
noise levels with the least compromise in spatial resolution (Ghandhi 2006).

3. Results
3.1. Mole fraction and fluctuation fields

Figure 5 shows sample images of the helium mole fraction, X, for Re0 = 800 and 2500.
At Re0 = 800 the flow is laminar for an extended region upon exiting the nozzle,
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Figure 5. Sample helium mole fraction fields, X, for (a) Re0 = 800 and (b) Re0 = 2500.

so we will consider imaging measurements for windows II–V, omitting window I
(the most upstream window). The instantaneous fields for the different windows are
overlaid in the figure. For Re0 = 2500, the flow is essentially turbulent from the
outset, as is quite clear from the instantaneous X field window in window I. In the
downstream windows, both Reynolds number cases are clearly turbulent. However,
the higher-Re case contains manifestly smaller length scales, and its X field seems to
be more uniformly distributed across the jet domain. At Re0 = 800, the instantaneous
images suggest that regions of pure ambient fluid may penetrate further towards the
centreline than in the Re0 = 2500 case. The distribution of pure ambient fluid has
been considered by Dimotakis (2000) in the context of the turbulent mixing transition
(and will be explored in additional detail in § 3.4).

Figure 6 shows the averaged helium mole fraction fields 〈X〉 for Re0 = 800 and 2500.
The averaging in each window is performed individually; so in particular there is no
combined average computed in those regions in which imaging windows overlap. (In
this way, figure 6 offers qualitative confirmation of the rigour of the data reduction
process, in that the averaged X fields at the interfaces between windows are well
matched, even though the image processing in each window is fully independent.)
From inspection of these averaged fields, the turbulent transition for Re0 = 800
appears to occur around x/d = 10, where the mole fraction field begins to spread.
For Re0 = 2500, the 〈X〉 field begins to spread upstream of window I.
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Figure 6. Averaged helium mole fraction fields, 〈X〉, for (a) Re0 = 800 and (b) Re0 = 2500.

The root-mean-squared helium mole fraction fluctuation fields, X′
rms , shown in

figure 7, show the bimodal form that is characteristic of turbulent jets, in which peak
fluctuations occur off the centreline (Townsend 1976). The X fluctuations originate
in the jet shear layer, as the interface between the jet and ambient fluids becomes
unsteady due to the initial shear layer instability. The zones of peak fluctuations then
spread in tandem with the jet spread. The fluctuation fields in the Re0 = 800 case
confirm that the turbulent transition occurs around x/d = 10, as this is where the
zones of peak X′ originate. The peak fluctuation zones for Re0 = 2500 originate
upstream of the first imaging window, consistent with the jet spreading properties
observed in the averaged X fields in figure 6. In comparison with the 〈X〉 fields in
figure 6, the X′

rms fields in figure 7 are apparently not as well matched in the regions
in which adjacent windows overlap, but as we will see in § 3.3, the matching between
windows is more than adequate to provide a clear picture of the axial evolution of
mean centreline fluctuations of both the mole and mass fractions.

3.2. Similarity profiles

Figure 8 shows radial profiles of the mean mole fraction, normalized by the individual
profile maxima, for the three Reynolds numbers. For each downstream position x,
the profiles are compiled from the mean mole fraction images by averaging the radial
profiles for x ± 0.05d . (All subsequent profiles are computed in a similar manner.)
The profiles are shown in terms of the similarity coordinate r/δ0.5, where δ0.5 is the
full width at half-maximum for each profile. For Re0 = 800 (figure 8a), the most
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Figure 7. Root-mean-squared helium mole fraction fluctuations, X′
rms , for (a) Re0 = 800 and

(b) Re0 = 2500.

upstream profile, from x/d = 9, is on average in the pre-transitional region (figure 6a),
where molecular diffusion has a dominant role in establishing the mixing field; the
form of the profile there is noticeably inconsistent with the other, turbulent profiles
in that it is significantly wider. The turbulent profiles have a very consistent form.
For Re0 = 2500 (figure 8c), the flow is turbulent from the start of the measurement
region; so the most upstream profile, from x/d = 5, does not show the particularly
wide form seen in the x/d = 9 profile for Re0 = 800. Instead, the x/d = 5 profile
for Re0 = 2500 is somewhat narrower than the downstream profiles, which probably
reflects that the potential core is not closed in all cases at x/d = 5 (e.g. figure 6b).
The turbulent advection would then be confined to a relatively narrow range on
the jet outer boundary, consistent with a sharp X gradient and the observed narrow
similarity profile. In this context, the consistency of the upstream, x/d = 5 profile
for Re0 = 1500 (figure 8b) with the downstream profiles reflects that the initial flow
development is intermediate between the low-Re limit in which diffusion is dominant,
leading to a wide 〈X〉 profile, and the high-Re limit, with its narrow near-nozzle 〈X〉
profile.

The consistency of the downstream profiles for each Re0 suggests that each of
the cases attains a reasonable level of self-similarity relatively early, no later than
x/d = 20 for Re0 = 800 and no later than x/d = 15 for Re0 = 1500 and 2500. The
similarity properties for Re0 = 800 and 1500 do not appear to be affected by the
presence of buoyancy; recall that these flows cross from the purely momentum-driven
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Figure 8. Normalized radial profiles of mean helium mole fraction for different x/d , presented
in terms of the similarity coordinate r/δ0.5, for (a) Re0 = 800, (b) Re0 = 1500 and (c)
Re0 = 2500. Also shown is a comparison of the profiles at x/d = 35 for the different Re0.

regime into the transitional regime within the range of the measurements (§ 2.1).
George (1989) and Mi et al. (2001) have argued that self-similarity in jets may not be
universal but instead depends on the details of the initial flow conditions. Figure 8(d )
shows 〈X〉 profiles from x/d = 35, near the downstream limit of the measurements, for
the three Re0 values, together with the scalar similarity profile reported by Dowling
& Dimotakis (1990) from single-point laser Rayleigh scattering measurements in
constant-density axisymmetric jets. The present variable-density profiles are both
consistent with each other and consistent with the Dowling & Dimotakis (1990)
profile, most notably up to r/δ0.5 = 0.5. At that point, the variable-density and
constant-density profiles begin to diverge slightly, with the variable-density profiles
having a more negative slope just beyond r/δ0.5 = 0.5.

Figure 9 explores the discrepancy between the variable- and constant-density profiles
by focusing on r/δ0.5 between 0.5 and 1. Also shown in the figure is the 〈X〉 profile
measured in an ethylene–air (C2H4–air) jet at Re0 = 5000, for which the density
is nominally constant (ρ0/ρ∞ = 0.97) in the present flow facility. The ethylene–air
system is a positive scattering system, with σC2H4

≈ 5.3 σair . The ethylene 〈X〉 profile
is measured at x/d = 25 and is in the self-similarity region. The significant difference
between the constant-density cases in the figure is that Dowling & Dimotakis (1990)
employed a converging nozzle to obtain a near-uniform jet exit velocity profile, while
the ethylene–air jet issues from a pipe. In the r range shown in figure 9, towards
the outer boundary of the jet, the variable-density mole fraction profiles approach
zero more rapidly than both constant-density profiles. This steeper profile slope, in
regions in which the mean fluid composition predominantly consists of ambient fluid
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Figure 9. Comparison of the normalized mean helium mole fraction profiles at x/d = 35 for
Re0 = 1500 and 2500 with the constant-density profile measured by Dowling & Dimotakis
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outer portion of the profiles.

(i.e. X < 0.5), means that the radial zone in which the helium jet fluid penetrates into
the surrounding ambient fluid is relatively narrower for the variable-density jets. (We
will revisit this point in conjunction with a discussion of the profiles of mean mass
fractions.) There are discrepancies between the profiles from the constant-density
cases, consistent with the hypothesis of George (1989) of the role of the initial flow
conditions in establishing the self-similarity form, but the discrepancies do not affect
the qualitative comparison between the variable- and constant-density cases.

Figure 10 shows the r.m.s. mole fraction fluctuation profiles for each Re0 at different
downstream locations. The profiles are normalized by X′

rms,c(x), the local centreline
r.m.s. fluctuations. For Re0 = 800, the profiles vary only slightly for different x, but
the differences are instructive. The widest X′

rms profile is just downstream from the
turbulent transition (x/d = 12), consistent with the relatively broad 〈X〉 profile seen
in the laminar region (figure 8a). By x/d = 20, this residual effect of the initial
laminar profile is no longer evident, and the X′

rms profile width is consistent with
those of the downstream profiles. However, the normalized peak fluctuation levels
are evidently still evolving at x/d = 20. The onset of turbulence is manifest in the
scalar fluctuations through the distortion of the jet–ambient fluid interface on the jet
boundary, giving a sharp off-centreline peak in the X′

rms profile; as the flow moves
downstream, and the effect of the turbulence is distributed across the width of the jet,
the discrepancy between the peak X′

rms and the value on the centreline decreases. It
appears that the X′

rms profile attains an approximately self-similar form by x/d = 30,
with a peak fluctuation magnitude approximately 1.3 times the centreline value.

The r.m.s. fluctuation profiles for Re0 = 1500 and 2500 also show clearly the
evolution of the flow similarity. For both cases, the x/d = 5 profile has a peak
X′ magnitude over 2.5 times the centreline value. Again, by x/d = 30 this ratio
of fluctuation magnitudes drops to an apparent asymptotic value of approximately
1.3. There is some evidence that the X′

rms profile shape continues to evolve, as the
x/d = 35 profile may be slightly wider than the x/d = 30 profile, though this very
small difference may simply reflect that these fluctuation measurements are very
susceptible to experimental uncertainties.

We may also investigate the similarity of the mixing field in terms of the helium
mass fraction, Y . Figure 11 shows normalized radial 〈Y 〉 profiles for the three Reynolds
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Re0 = 1500 and (c) Re0 = 2500. (d ) Comparisons of the Re0 = 1500 and 2500 profiles at
x/d = 35 with the profiles reported by Dowling & Dimotakis (1990) for Re0 = 5000 and
16000. (Note the different vertical scale of d.)

numbers, where the r-coordinate is scaled with δ0.5,Y , the full width at half-maximum
of these 〈Y 〉 profiles. The determination of Y from the mole fraction is nonlinear;
so there are differences between the 〈Y 〉 profiles and the 〈X〉 profiles in figure 8. For
example, the 〈Y 〉 profile from x/d = 5 for Re0 = 2500 is considerably wider than
the downstream 〈Y 〉 profiles, while the 〈X〉 profile from x/d = 5 for Re0 = 2500
(figure 8c) is narrower than the downstream 〈X〉 profiles. The properties of the 〈X〉
profiles are perhaps more physically intuitive. For example, as mentioned above, the
helium distribution in the near field at Re0 = 2500 is essentially the initial top-hat
profile with incipient turbulent transport on the edges, which is more consistent with
the narrower form of the 〈X〉 profile rather than the wider 〈Y 〉 profile.

As with the 〈X〉 profiles, the downstream 〈Y 〉 profiles become self-similar. For
the 〈Y 〉 profiles this occurs by x/d = 30, slightly later than for the 〈X〉 profiles.
Figure 11(d ) shows the outer portion of the profiles for Re0 = 1500 and 2500 at
x/d = 35, compared with the constant-density profiles from Dowling & Dimotakis
(1990) and the ethylene–air jet. The relation between the variable- and constant-
density profiles differs from the relation for the mean mole fractions in figure 9. The
outer parts of the variable-density profiles are in good agreement with the ethylene–air
profile, consistent with the conclusion of Richards & Pitts (1993) that mass fraction
profiles are similar for different density ratios. The slightly different form of the
Dowling & Dimotakis (1990) profile, which approaches zero more quickly than the
other profiles, would then be explainable by the differences in the initial jet profiles.
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If the mass fraction similarity profiles are independent of the density ratio, we
can explain the behaviour of the mole fraction profiles in figure 9 in terms of global
entrainment relations. We first write N0 = m0/MW0, where N0 is the molar flow rate at
the jet exit and MW0 is the jet fluid molecular weight; similarly, Ne(x) = me(x)/MW∞,
where Ne(x) is the molar flow rate of entrained fluid, which has molecular weight
MW∞, at x. Then, the normalized molar entrainment Ne/N0 is

Ne(x)

N0

=
me(x)

m0

MW0

MW∞
=

me(x)

m0

ρ0

ρ∞
, (3.1)

where the latter equality is true because the present flows are isothermal. From (3.1)
the normalized molar entrainment rates are decreased in light jets (ρ0 < ρ∞) relative to
the normalized mass entrainment me/m0. This reduced molar entrainment explains the
discrepancy between the helium mole fraction profiles and the constant-density profiles
(figure 9). Further, in the present isothermal flow system, mole fractions correlate to
volume fractions; so mixing as expressed in mole fractions can be interpreted in terms
of the mixing of volume elements, which can in turn be interpreted directly in terms
of turbulent transport and fluctuations. The 〈X〉 profiles in figure 9 thus suggest that
the present low-density jets are characterized by reduced turbulent transport, which
acts to mix the jet and ambient fluids, on the jet boundary, and that the magnitude
of turbulent velocity fluctuations on the boundary is smaller for the low-density jets.

Figure 12 shows normalized profiles of Y ′
rms , the r.m.s. fluctuations of the helium

mass fraction. Again, certain trends differ from those seen in the X′
rms profiles in



Turbulent buoyant jet mixing 77

0

1.0

0.5

1.5

0. 5 1.0 0

1.0

0.5

1.5

0. 5 1.0

0 0. 5 1.0 0 0. 5 1.0

1.0

0.5

1.5

1.0

0.5

1.5

(a)

Y
′ rm

s/
Y

′ rm
s,

 c
Y

′ rm
s/

Y
′ rm

s,
 c

(c)

(b)

(c)

r/δ0.5,Y r/δ0.5,Y

x = 12d
20d
30d
35d

x =5d
15d
25d

35d
30d

x = 5d
15d
25d
30d
35d

Dowling & Dimotakis (1990): Re = 1500

Dowling & Dimotakis (1990): Re = 16 000

Re
0
 = 1500, x = 35d

Re
0
 = 2500, x = 35d

Figure 12. Normalized radial profiles of the r.m.s. helium mass fraction fluctuations, Y ′
rms ,

for different x/d , presented in terms of the similarity coordinate r/δ0.5,Y , for (a) Re0 = 800,
(b) Re0 = 1500 and (c) Re0 = 2500. (d ) Comparisons of the Re0 = 1500 and 2500 profiles
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figure 10. The near-field Y ′
rms profiles are unimodal, having their maximum values on

the jet centreline, with the characteristic bimodal form emerging downstream, while
the X′

rms profiles in figure 10 are bimodal over the full axial measurement range, with
the largest disparity between the peak values and centreline values occurring in the
near field. Again, the properties of the mole fraction profiles are more consistent with
the physical picture of turbulent mixing in the near field originating in the shear layer
surrounding the jet, off the symmetry axis.

Even so, a comparison of figures 10(d ) and 12(d ) shows that the mass fraction
fluctuation profiles for the buoyant jets are in better agreement with the constant-
density jet results of Dowling & Dimotakis (1990) than are the mole fraction profiles,
which is consistent with the hypothesis of Richards & Pitts (1993). In particular, the
Y ′

rms curves for Re0 = 1500 and 2500 at x/d = 35 are in good agreement with the curve
of Dowling & Dimotakis (1990) for Re0 = 16 000 for r/δ0.5,Y � 0.6, with a similar
ratio of peak value to centreline value, beyond which the present curves lie between
the Re0 = 5000 and 16 000 curves from the earlier paper. We note that (table 1) the
estimated outer-scale Reynolds numbers for the present Re0 = 1500 and 2500 jets are
Reδ = 10 100 and 16 800, while the estimated Reδ for the Re0 = 5000 and 16 000 jets
of Dowling & Dimotakis (1990) are 11 200 and 36 600. A notable difference between
the present Y ′

rms results and those of Dowling & Dimotakis (1990) is the absence of
any discernible Reynolds number dependence in the present Y ′

rms profiles. This may
be because of the use of a contoured nozzle by Dowling & Dimotakis (1990) and
a pipe nozzle in the present work. For sufficiently high flow rates pipe flow jet exit
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1/2/(x −x0),

with scaling coefficients C and virtual origins x0 determined through least squares fitting.

profiles will become independent of Re0, while the boundary layer thicknesses in the
contoured nozzle will continue to vary with Re0 (Mi et al. 2001).

3.3. Scaling properties

The development of the mixing field in the jet can also be described in terms of the
widths of the radial mean mole and mass fraction profiles and the scaling properties
of the mean centreline mole and mass fraction values. Figure 13 shows the decay of
the mean centreline mole fraction, Xc, as a function of the axial coordinate, x, for
Re0 = 800 and 2500. (In the remaining discussion the Re0 = 1500 case is omitted for
brevity.) For each Reynolds number, the Xc curve is determined individually for each
imaging window, resulting in the overlapping curves in which the imaging windows
coincide. The results for the three cases are all consistent with a jet-like, x−1 power
decay of the centreline helium mole fraction. For each Reynolds number, the jet-like
decay is represented in figure 13 by the curve C(ρ∞/ρ0)

1/2/((x − x0)/d), where the
scaling coefficient C and the virtual origin x0 are determined through least squares
fitting to the measured data. For Re0 = 800, the least squares fit is performed in the
range x/d ε [20, 35], given C = 4.05, while for Re0 = 2500 we used the data in the
range x/d ε [10, 35], giving C = 4.61. The virtual origin becomes progressively more
negative with increasing Re0 (x0 = −1.1d for Re0 = 800, decreasing to x0 = −8.8d

for Re0 = 2500), consistent with a shortening of the potential core and a more rapid
onset of turbulence.

Figure 14 shows the axial evolution of δ0.5, the full width at half-maximum of the
mean X profile, for each Reynolds number. As with the centreline X decay curves
in figure 13, δ0.5 is computed individually in each imaging window. The growth of
the jet at each Re0 is manifestly linear, as seen by the included lines D(x − x0)/d ,
determined through least squares fitting. The axial ranges of the least squares fits
are the same as those used for the centreline mole fraction fits above. The best fit
coefficient D = 0.19 and 0.22 for Re0 = 800 and 2500, respectively. The virtual
origins x0 differ slightly from those found previously by assuming jet-like decay of
the centreline mole fractions (figure 13), though the trend of more negative x0 with
increasing Re0 is again evident.
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Figure 15. Axial evolution of the normalized r.m.s. helium mole fraction fluctuations on the
centreline, X′

rms,c/Xc , for (a) Re0 = 800 and (b) Re0 = 2500. The Re0 = 2500 jet appears to
converge to a consistent fluctuation level of ≈18 % beyond x/d = 30.

The axial evolution of X′
rms,c/Xc, the normalized r.m.s. helium mole fraction

fluctuations on the jet centreline, is shown in figure 15. For Re0 = 800, X′
rms,c/Xc

increases monotonically through the downstream limit of the measurements, at which
point X′

rms,c/Xc ≈ 0.18. For Re0 = 2500, it appears that the scaled fluctuations
approach an asymptotic value of X′

rms,c/Xc ≈ 0.18 for x/d � 30 (or x/d∗ � 80).
Informative comparisons are available between the scaling properties of the helium

mole and mass fractions. Figure 16 shows the axial evolution of Yc(x), the mean helium
mass fraction on the centreline. As with the centreline mole fraction, Yc observes a
clear x−1 scaling. The least squares fits (for the same axial ranges as those used for the
mole fraction analyses) to C(ρ∞/ρ0)

1/2/((x − x0)/d) yield a coefficient C = 0.565 and
virtual origin x0 = 8.7d for Re0 = 800 and C = 0.647 and x0 = 2.1d for Re0 = 2500.
Relative to the decay curves for the centreline mole fraction in figure 13, the virtual
origins are shifted in the positive x-direction, but as before the virtual origin for the
Re0 = 2500 case is to the negative-x side of that for the Re0 = 800 case.
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Figure 17 shows the axial evolution of δ0.5,Y (x), the full width at half-maximum of
the mean radial mass fraction profiles. Again, δ0.5,Y for Re0 = 800 attains a linear
dependence on x after the turbulent transition, while the linear growth of δ0.5,Y is
clear throughout the measurement domain for Re0 = 2500. The least squares fits to
D(x−x0)/d give D = 0.19 and x0 = 3.2d for Re0 = 800 and D = 0.22 and x0 = −1.4d

for Re0 = 2500. The virtual origins for the flow width curves do not match exactly
those for the centreline decay curves, though again the leftward shift of the virtual
origin for higher Re0 is intact.

Figure 18 shows the x-dependence of Y ′
rms,c/Yc, the scaled r.m.s. helium mass

fraction fluctuation on the centreline. Here, unlike with the mole fraction fluctuations,
the curves for Re0 = 800 and 2500 both appear to achieve an asymptotic value within
the measurement region (x/d � 30 or x/d∗ � 80 for both values of Re0), and the
asymptotic value is apparently independent of Reynolds number, at Y ′

rms,c/Yc ≈ 0.23.
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Figure 18. Axial evolution of the normalized r.m.s. helium mass fraction fluctuation on the
centreline, Y ′

rms,c/Yc , for (a) Re0 = 800 and (b) Re0 = 2500. Both jet flows appear to converge
to a consistent fluctuation level of ≈23 % (indicated by the dotted lines) beyond x/d = 30.

For the momentum-driven flow regime, Chen & Rodi (1980) recommended values
for the scaling coefficients for the centreline decay, C (figures 13 and 16), and for the
jet spreading rate, D (figures 14 and 17), of C = 5.0 and D = 0.22 (using the present
definition of δ0.5 in terms of the full width). These recommendations are derived from
compilations of previously reported measurements, for which the values of C range
from 3.2 to 7 and those of D range from 0.17 to 0.26. Chen & Rodi (1980) defined
their scalar variable in terms of the local density deficit relative to the ambient value,
which relates directly to the helium mole fraction in these measurements; the C

values found here for the centreline mole fractions, C = 4.05 and 4.61 respectively for
Re0 = 800 and 2500, are in good agreement with the values of Chen & Rodi (1980).
The superior agreement for the higher Reynolds number may relate to the shortening
of the laminar region as Re0 increases. The scaling coefficient for the flow width,
D, is similar for both the mole and mass-fraction-based definitions, at D = 0.19 for
Re0 = 800 and D = 0.22 for Re0 = 2500, which again is in good agreement with the
recommendation of Chen & Rodi (1980).

The observation that the asymptotic values of the the scaled mass fraction
fluctuations are independent of the Reynolds number, while the scaled mole fraction
fluctuations are not, suggests that the mass fraction is the more appropriate quantity
for evaluating the similarity properties of the mixing field for variable-density jets.
This is consistent with the earlier work of Pitts (1991a), who considered a range
of jet-to-ambient density ratios ρ0/ρ∞. Pitts (1991a) found no consistency for the
asymptotic mole fraction fluctuation values for ρ0/ρ∞ ranging from 0.14 (a helium
jet, as in the present study) to 3.01 but identified a universal asymptotic value of the
scaled mass fraction fluctuations of ≈0.23 for the different jets. The helium jet in that
work was also momentum driven throughout the range of the measurements. Dowling
& Dimotakis (1990) also measured scaled fluctuation magnitudes in their constant-
density jets of ≈0.23 throughout their measurement region (x/d ε [20, 90]). The near
universality of this fluctuation level apparently extends beyond the momentum-driven
jet limit, as seen in the measurements of Panchapakesan & Lumley (1993), who
reported scaled fluctuations between 0.21 and 0.22 in the region intermediate to the
momentum- and buoyancy-driven regimes in their helium jets.
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Figure 19. Probability distributions of (a) mole fractions and (b) mass fractions for the
Re0 = 2500 case, compiled for x/d = 35 ± 0.5 and different ranges of the radial coordinate.

The very good agreement of the mole and mass fraction centreline decay, flow
width and centreline fluctuation curves in figures 13–18 between the different imaging
windows serves to confirm both the robustness of the data reduction process and
the spatial resolution of the data. The data reduction to obtain the mole fractions
in each imaging window is independent of the other windows; so in particular no
overlap in the Xc or Yc curves for the different windows is enforced. Meanwhile, the
imaging windows are sized to maintain a roughly consistent relative resolution level
(§ 2.2), but it remains that the relative resolution at the upstream and downstream
sides of each window varies by a factor between 1.5 and 2 (table 3). In particular, the
relative resolution of the downstream side of a given window is invariably superior
to the resolution at the corresponding axial position on the upstream side of the next
window. This resolution discrepancy is not evident in the X′

rms,c curves, where the
agreement in the window overlap regions is very good, suggesting that the spatial
resolution is everywhere sufficient to measure the turbulent scalar fluctuations. We
will see in § 3.6 that resolution disparities do noticeably affect the scalar fluctuations
at worsened resolution levels.

3.4. Scalar probability distributions

Further insight into the structure of the mixing fields is available through the
compilation of probability distributions of the helium mole and mass fractions in
different regions of the flow. Figure 19 shows the probability density functions (p.d.f.s)
X and Y from the Re0 = 2500 jet compiled in six sub-windows, each with axial span
x/d = 35 ± 0.5 and with radial span r/δ ε [0, 0.1], [0.1, 0.3], [0.3, 0.5], [0.5, 0.7] or
[0.7, 0.9], where δ is the local flow full width at half-maximum for either X or Y from
§ 3.3. At x/d = 35 both the mole and mass fraction fluctuation magnitudes appear
to have converged to their asymptotic values (figures 15b and 18b); so the p.d.f.s in
figure 19 should be representative of the full development of the mixing field. The
mole and mass fraction p.d.f.s are very similar in form, with the most probable value
in the distribution for each sub-window tracking with the local mean value, such that
the most probable X and Y values decrease as the sub-windows move away from
the centreline. The most noticeable difference between the X and Y p.d.f.s is that the
mole fraction p.d.f.s for the different radial sub-windows have less homogeneous peak
values and widths than the mass fraction p.d.f.s.

Figure 20 illustrates the axial evolution of these p.d.f.s for Re0 = 2500, by showing
the X and Y p.d.f.s compiled for x/d = 10 ± 0.5, 15 ± 0.5, 25 ± 0.5 and 35 ± 0.5
and for radial ranges r/δ ε [0, 0.1], [0.3, 0.5] and [0.7, 0.9], normalized by the local
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Figure 21. Probability distributions of (a) mole and (b) mass fractions for Re0 = 800, 1500
and 2500, normalized by their local centreline average values (Xc and Yc , respectively), compiled
for x/d = 35 ± 0.5 and different radial ranges.

centreline average values Xc or Yc. The mole fraction p.d.f.s clearly evolve over the
axial range of the measurements, particularly for the r/δ ε [0, 0.1] sub-window that
lies along the jet centreline. The mass fraction p.d.f.s, in contrast, are very consistent
for the different x/d ranges. This relates directly to the more rapid convergence to
their asymptotic values of the mass fraction fluctuations (figure 18) compared with
the mole fraction fluctuations (figure 15).

The insensitivity of the mole and mass fraction p.d.f.s at x/d = 35 to the Reynolds
number is illustrated in figure 21, which shows the mole and mass fraction p.d.f.s,
normalized by their local centreline average values, in the same sub-windows as in
figure 19. It is clear from the figure that the p.d.f.s in each sub-window for the
different values of Re0 are in very good agreement. The p.d.f.s in figure 21 also allow
consideration of the argument put forth by Dimotakis (2000), who contended that
pockets of ambient fluid could be found along the jet centreline for low Reynolds
numbers but not for Reynolds numbers above a critical value that indicates the onset
of the mixing transition. As indicated in § 2.1, the Re0 = 800 jet here is expected
to be short of the mixing transition, while the Re0 = 2500 jet is expected to be in
the neighbourhood of the mixing transition. However, the p.d.f.s in figure 21 are
consistent with expected post-mixing transition behaviour for both Re0 = 800 and
2500, in that there is a negligible likelihood of finding pure ambient fluid (X = 0 or
Y = 0) in the sub-windows located along the jet centreline (r/δ ε [0, 0.1]). Focusing
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specifically on the X → 0 side of the normalized X p.d.f.s compiled for r/δ ε [0, 0.1]
(figure 21), we find that X/Xc < 0.5 for 0.79 % of the data points for Re0 = 800,
1.05 % of the points for Re0 = 1500 and 0.85 % of the points for Re0 = 2500; so
there is also no evidence that the likelihood of finding ambient fluid on the centreline
decreases with increasing Re. We also note in figure 21 that the only distributions
that have a local peak at X = 0 or Y = 0 are those that are compiled in the
outermost sub-window (r/δ ε [0.7, 0.9]) for both Reynolds numbers. The absence of
local peaks corresponding to ambient fluid towards the interior of the jet supports
the argument that engulfment of ambient fluid at large scales is not the dominant
entrainment process (Westerweel et al. 2005) and offers further evidence that the
mixing at the Reynolds numbers shown in figure 21 is consistent with predicted
post-mixing transition behaviour. Dimotakis (2000) pointed out that evidence for the
mixing transition is particularly hard to detect in the turbulent jet and furthermore
that for Schmidt numbers near unity, as for the present gas-phase jet, the effect
of molecular diffusion can enhance the homogenization of the scalar field even for
Reynolds numbers below the mixing transition. It is likely that the apparent similarity
of the present concentration p.d.f.s, particularly those at lower Reynolds number, to
the form anticipated to pertain beyond the mixing transition is because of to these
Schmidt number effects.

3.5. Scalar dissipation rates

The proper scaling of χ , the scalar dissipation rate (1.1), in axisymmetric turbulent jets
has resisted conclusive experimental verification. Peters & Williams (1983) estimated
the scaling of χ by pursuing the analogy with the kinetic energy dissipation rate ε.
Enforcing a balance of kinetic energy production at the large scales with dissipation
at the small scales and applying classical scaling arguments for the velocity and
flow width, the mean kinetic energy dissipation rate scaling on the centreline in
axisymmetric jets is determined to be εc ∝ x−4. Multiple experimental studies (e.g.
Friehe, van Atta & Gibson 1971; Antonia, Satyaprakash & Hussain 1980) have
confirmed this scaling of εc. Applying similar arguments, Peters & Williams (1983)
moreover predicted that the mean centreline scalar dissipation rate goes as χc ∝ x−4.
Bilger (2004) explored the χ scaling through explicit consideration of the evolution
equation for Y 2 and, assuming self-similarity and constant normalized centreline
fluctuation levels, further found χc ∝ x−4 for the axisymmetric jet.

However, numerous experimental studies have failed to confirm this scaling of the
scalar dissipation rate. For example, Lockwood & Moneib (1980), using thermocouple
probes, and Effelsberg & Peters (1988), using pointwise Rayleigh scattering, measured
decay rates of χc that were noticeably slower than the expected x−4 in axisymmetric
jets. Su & Clemens (1999), using imaging measurements in a planar jet, similarly
measured a χc decay rate slower than the predictions of scaling arguments. Bilger
(2004) has questioned the reliability of prior experimental studies of the scalar
dissipation in jet flows, citing spatial resolution limitations. He has particularly
cautioned against the use of dissipation scale estimates (e.g. λD (2.8)) alone to
assess measurement resolution. Additionally, the measurements of Lockwood &
Moneib (1980) and Effelsberg & Peters (1988) both used a fixed probe spacing
over the full axial range of the χ measurements, and the measurements of Su &
Clemens (1999) also employed a uniform imaging grid spacing. The relatively higher
χc values in the downstream measurement regions, compared with the theoretical
predictions, could indeed result from the increase in the dissipation length scales,
and the commensurately less stringent resolution requirements, with increasing x. As
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Figure 22. Two-dimensional, squared mass fraction gradient magnitudes, (∂Y/∂x)2+(∂Y/∂r)2,
for (a) Re0 = 800 and (b) Re0 = 2500. Image planes correspond to those shown in figure 5.

described in § 2.2, the different imaging windows in the present measurements are
sized to maintain a relatively consistent resolution over the full axial measurement
range. We argued that these measurements are fully resolved in terms of λD in each
of the measurement windows, but at the same time these measurements offer an
additional check on resolution in the form of comparisons of the χc results between
the different measurement windows.

From the present measurements we can perform spatial differentiation in the
axial, x, and radial, r , flow directions to yield two components of the mass fraction
gradient vector ∇Y which appears in the definition of χ (1.1). Figure 22 shows the
two-dimensional, squared mass fraction gradient magnitudes, (∂Y/∂x)2 + (∂Y/∂r)2,
for the same instantaneous image planes as those shown in figure 5. The gradient
components are determined through two-point, second-order central differencing.
There is a very wide range between the peak magnitudes in the near and far
fields of the measurements, as seen by the logarithmic scaling of the colour map. The
characteristic arrangement of high-gradient regions into a relatively sparse distribution
of thin sheets that intersect the imaging plane as thin lines is clear (Buch & Dahm
1996, 1998), as is the tendency towards an ≈45◦ inclination of these sheets to the
streamwise direction in the relatively near-field range spanned by these measurements
(Feikema, Everest & Driscoll 1996).

Multi-plane measurement methods have also been demonstrated that provide the
full three-dimensional gradient vector, in both gas-phase and liquid-phase flows (Yip
& Long 1986; Yip et al. 1987; Yip, Schmitt & Long 1988; Dahm, Southerland &
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Buch 1990; Su & Clemens 1999, 2003). With the present two-dimensional data we are
confined to measurements of gradient components in the x–r plane; so to determine
the scaling of the centreline mean scalar dissipation rate, χc, we will estimate the
squared mass fraction gradient as

〈∇Y · ∇Y 〉 =

〈(
∂Y

∂x

)2

+

(
∂Y

∂r

)2(
1

r

∂Y

∂θ

)2〉
≈

〈(
∂Y

∂x

)2

+ 2

(
∂Y

∂r

)2〉
, (3.2)

where the approximation represents the assumption of isotropy of the Y gradients in
planes normal to the streamwise direction, x. This approximation becomes exact on
the jet centreline, owing to the axial symmetry of the flow.

Figure 23 shows mean radial profiles of the estimated three-dimensional scalar
dissipation, given by 〈χ〉 ≈ D〈(∂Y/∂x)2 + 2(∂Y/∂r)2〉, normalized by the centreline
values. As with the X′

rms and Y ′
rms profiles in figures 10 and 12, the asymptotic form

of 〈χ〉 has its peaks off the centreline. The peak values of the normalized 〈χ〉 profiles
are similar to the peak values of the normalized Y ′

rms profiles, at 1.1–1.2. However, it
appears that location of the peak 〈χ〉 is slightly towards the jet centreline relative to
the position of the peak Y ′

rms .
The axial evolution of the mean squared Y gradient on the centreline, 〈∇Y · ∇Y 〉c, is

shown in figure 24. Power-law scalings in these logarithmic axes manifest as straight
lines; evidence for such scaling is very sensitive to any offset in the horizontal axes of
the plots, and so the x-coordinates are offset by the virtual origins, x0, determined from
the least squares fits of the 1/x power law to the Yc curves in figure 16. As with the
foregoing results for the axial evolution of centreline concentrations, flow widths and
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for Re0 = 2500.

centreline concentration fluctuations, the 〈∇Y · ∇Y 〉c results in the different windows
are in very good agreement with each other, which for these results points both to
the accuracy of the data reduction and to the adequacy of the spatial resolution for
the determination of the gradient terms.

Figure 24 also shows the best fit power-law curves for the 〈∇Y · ∇Y 〉c results. These
curves are determined from least squares linear fits to the logarithms of the data
points, adjusted for the the respective virtual origins, and span the same x-ranges as
used in § 3.3 for the fits to the Yc curves. We find that 〈∇Y · ∇Y 〉c, and thus χc, goes as
x−2.60 and x−2.67 for the Re0 = 800 and 2500 jets. For the Re0 = 1500 jet (for which
〈∇Y · ∇Y 〉c is not shown here), χc ∝ x−2.80. Similar to the earlier results in axisymmetric
jets of Lockwood & Moneib (1980) and Effelsberg & Peters (1988), these measured
decay rates are slower than the theoretical prediction, χc ∝ x−4. Unlike those earlier
studies, however, these measurements do not have the clear resolution compromise
attendant to a fixed measurement grid spacing. In particular, there is no systematic
reason for downstream χc values to be overestimated relative to the upstream values
in these measurements. The density variations in the present measurements should
also not affect the χc scaling, given that the other scaling properties examined in § 3.3
are all consistent with uniform-density jets.

It is possible, even given the attempted matching of the estimated spatial resolution
levels between the different windows (table 3), that the resolution throughout the
measurement range is insufficient to allow proper determination of χc and also that
the resolution disparity across the span of each window is somehow too small to be
manifest in mismatches of the χc curves in the regions of window overlap. However,
as we shall see in the following section (in the discussion of figure 28), spatial under-
resolution appears to increase, rather than decrease, the decay rate of χc. If indeed
the proper decay rate of the centreline scalar dissipation is slower than the predicted
χc ∝ x−4, then it is worthwhile to consider where the discrepancy may arise. Bilger
(2004) applied a number of simplifying assumptions in deriving the x−4 scaling,
including the following: the mean velocity and scalar fields have self-similar radial
profiles and follow classical jet scalings in the axial direction; the mean scalar r.m.s.
fluctuation, Y ′

rms , is self-similar, and its value on the jet centreline is proportional to
the mean centreline scalar value, Yc; the terms 〈Y 〉〈u′Y ′〉 and 〈u′Y ′2〉 involving axial
turbulent fluxes, and the term 〈D∇Y 2〉 involving molecular diffusion, are negligible
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in comparison with 〈u〉〈Y 2〉 (where u is the axial velocity); and the radial profiles
of 〈χ〉 are self-similar. The agreement of the Y field with expected jet scaling has
been demonstrated in § 3.3, and it seems safe to infer from that agreement that
the velocity field, which is not measured here, also observes jet scaling. Meanwhile,
figure 12 illustrates the self-similarity of Y ′

rms , while figure 18 shows that Y ′
rms/Yc

indeed approaches a constant value. In fact, Y ′
rms/Yc approaches its asymptotic value

from above for Re0 = 800 and from below for Re0 = 2500, making it particularly
unlikely that variations in the scalar fluctuation level account for the discrepancy
between the measured and the predicted χc scaling. It is also unlikely that molecular
diffusion effects can account for the observed discrepancy, because the measured
power-law exponents are similar for the three Reynolds numbers considered here,
which span from Re0 = 800, for which the jet has an extended laminar region, to
Re0 = 2500, which is expected to be in the range of the mixing transition.

The present experiments provide less certainty regarding the validity of the other
assumptions made in deriving the χc ∝ x−4 scaling. For example, the absence of
velocity field information precludes direct assessment of the magnitudes of the axial
turbulent flux terms, while the radial 〈χ〉 profiles in figure 23 are insufficiently
converged to allow us to comment unequivocally on their self-similarity. One
interesting observation that will be discussed in § 3.6 is that while the shapes of
the radial profiles of the normalized Y ′ are not sensitive to spatial under-resolution,
the shapes of the profiles of ∇Y · ∇Y are highly sensitive to the resolution level. It may
be that the lack of similarity between the Y gradients measured at different spatial
resolution levels is symptomatic of a general lack of self-similarity in the radial profiles
of χ and that the failure of the present χc measurements to observe the predicted
scaling properties is explained by the lack of the full development of the χ field.
We must also note that the present two-dimensional measurements only provide an
approximation of the full three-dimensional χ , but as mentioned before the centreline
scaling measured using (3.2) is exact under the assumption of axisymmetry.

3.6. Spatial filtering

There is widespread current interest in the potential of the LES approach to
compute practical flow systems, including combustion systems and atmospheric flows.
Compared with DNS, LES achieves greater computational efficiency by computing
the flows at a length scale (the ‘grid’ scale) that does not resolve the finest turbulent
motions. The equations that describe the evolution of flow variables at the grid
scale are determined by spatial filtering of the original evolution equations for fully
resolved quantities; the effects of scales smaller than the grid scale are then entrusted
to subgrid-scale (SGS) models. With an eye to eventual application in complex flow
systems, numerous studies have considered the use of LES for relatively simple
canonical flow systems like the turbulent jet. Validation of these LES results has
employed highly resolved experimental data, in the same fashion as in the validation
of DNS results, as well as using DNS results themselves. In particular, the a posteriori
assessment of LES results proceeds by comparing computed quantities at the LES
grid scales with the highly resolved data available from experiments or DNS.

However, LES results cannot strictly be evaluated in the same way as DNS
results because LES results are, by definition, grid dependent (specifically regarding
resolution) where true DNS results are not. This will not have a significant effect
on the consideration of quantities, such as mean scalar concentration profiles, that
are not particularly sensitive to resolution. However, quantities such as turbulent
fluctuations, or spatial gradients, may be expected to be highly sensitive to resolution.
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Filter A Filter B Filter C

Re0 Window 	A (pixel) 	A

λD,u
, 	A

λD,d
	B (pixel) 	B

λD,u
, 	B

λD,d
	C (pixel) 	C

λD,u
, 	C

λD,d

800 II 5 0.98, 0.53 15 2.9, 1.6 25 4.9, 2.7
III 7 0.94, 0.59 22 3.0, 1.9 36 4.9, 3.1
IV 6 0.98, 0.64 18 3.0, 1.9 30 4.9, 3.2
V 6 0.93, 0.62 19 3.0, 2.0 32 5.0, 3.3

2500 IIa 5 2.3, 1.2 15 7.0, 3.7 25 11.6, 6.1
IIIa 5 2.2, 1.4 16 6.9, 4.4 27 11.7, 7.3
IV 6 2.3, 1.5 18 6.8, 4.5 31 11.8, 7.8
V 6 2.2, 1.4 19 7.0, 4.6 32 11.7, 7.7

Table 4. Parameters for the simulated LES filtering. Filters A, B and C apply box filtering
spanning 	i × 	i pixels in a given imaging window i. The resulting filtered resolution is
expressed in terms of 	i/λD , where λD (as defined in (2.8)) is the estimated scalar dissipation
scale at the upstream limit of each imaging window.

Validations of LES results for those quantities will ideally use experimental results
with matched levels of resolution.

Planar imaging data are well suited for this purpose because they can be spatially
filtered arbitrarily to any resolution level lower than that of the raw data. This spatial
filtering is reflective of the filtering applied to derive the LES equations. Other work
that has aimed to use experiments to measure filtered quantities for LES applications
has focused on the details of SGS model specification and the a priori testing of
model accuracy (e.g. Tong 2001; Wang & Tong 2002; Rajagopalan & Tong 2003;
Su & Clemens 2003; Wang, Tong & Pope 2004). Here, we explore the effect of this
simulated LES filtering on the mass fraction fluctuations and the scalar dissipation
rates for the Re0 = 800 and 2500 cases. Table 4 lists the parameters for the simulated
LES filtering to obtain Y , the filtered mass fraction field. We ignore window I here
because the flow is not always turbulent in that window. For each window and each
Re0, we apply top-hat averaging filters (A, B and C) that represent successively lower
resolution levels. The square filter kernels span 	i × 	i , where, in window II, 	i = 5,
15 and 25 pixels for filters A, B and C respectively. For the successive imaging
windows, 	i for each of the three filters varies to match the relative resolution, as
quantified by 	/λD , at the upstream side of the different windows. For example, filter
C in the Re0 = 2500 case spans 25, 27, 31 and 32 pixels in windows IIa, IIIa, IV
and V, giving relative resolution 	i/λD,u = 11.6, 11.7, 11.8 and 11.7 at the upstream
sides of those windows and 	i/λD,d = 6.1, 7.3, 7.8 and 7.7 at the downstream sides.
In order to represent LES filtering accurately, the filtering kernels do not overlap; so
the grid spacing of the resulting filtered data is also given by 	i . Finally, the filtered
grid for each window is aligned so that one grid cell in each (radial) row is centred
on the flow centreline. For reference, we note that for the previously reported LES
of round jets of Basu & Mansour (1999), Boersma (2004) and Suto et al. (2004), the
relative resolution is 	r/λD ≈ 5–7, where 	r is the computational grid spacing, and
so the resolution levels represented here are characteristic of actual LES. (Strictly
speaking, the relative resolution, 	/λD , measures the degree to which a given grid
fails to resolve the finest molecular mixing scale or, in LES, the departure from DNS
resolution; it does not directly measure the ability of an LES grid to resolve the
energy-containing flow scales.)
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Figure 25. Radial profiles of Y
′
rms , the r.m.s. fluctuations of the filtered mass fractions, for the

Re0 = 2500 case, normalized by the values on the centreline, for filters A, B and C. Profiles
from (a) x = 15d and (b) x = 30d .
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Figure 26. Axial evolution of Y
′
rms,c/Y c , the normalized centreline r.m.s. fluctuations for the

filtered mass fraction fields, for (a) Re0 = 800 and (b) Re0 = 2500.

Figure 25 shows radial profiles of Y
′
rms , the r.m.s. fluctuations of the filtered mass

fractions, for the Re0 = 2500 case. The results for filters A, B and C are compared

at x = 15d and x = 30d . Each profile is normalized by its centreline value, Y
′
rms,c,

and the radial coordinates are scaled with δ0.5,Y , the full width at half-maximum of

the corresponding unfiltered profiles (figure 12). The shapes of the Y
′
rms profiles have

a small sensitivity to the spatial filtering, at the nearer-field location, x = 15d , while
the x = 30d profiles are essentially insensitive to the filtering. This slight discrepancy
is perhaps explainable by figure 18(b), which shows that the jet appears to be in its
asymptotic region (in terms of centreline Y fluctuation levels) at x = 30d but not at
x = 15d . It may be that the tendency towards relatively smaller fluctuation length
scales towards the jet boundary, seen at x = 15d in a heightened sensitivity to filter
size (figure 25a), is a near-field artefact of the initial jet shear layer development and
that a more uniform spatial distribution of fluctuation length scales is characteristic of

the asymptotic region identified in figure 18(b). (Profiles of Y
′
rms from the asymptotic

regions of the Re0 = 800 and 1500 jets, not shown here for brevity, are also insensitive
to filtering, similar to figure 25.)

Figure 26 shows Y
′
rms,c/Y c, the normalized centreline r.m.s. fluctuations of the filtered

mass fractions, for Re0 = 800 (figure 26a) and 2500 (figure 26b). In comparison
with the unfiltered fluctuations (repeated from figure 18), the fluctuation levels are
essentially unchanged for filter A but are reduced by up to ∼15 % for filter B
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Figure 27. Normalized mean radial profiles of (∂Y/∂x)2 + 2(∂Y/∂r)2, the estimated squared
three-dimensional gradient of the filtered mass fraction, for the Re0 = 2500 case, for filters
A, B and C. Profiles from (a) x = 15d and (b) x = 30d . The profiles for the unfiltered mass
fraction are shown for comparison.

and ∼25 % for filter C. That is at grid spacing 	A the measured mass fraction
fluctuations are still grid independent, while at 	B and 	C the fluctuations are
in the grid-dependent regime, implying that the grid spacing 	A is adequate to
resolve the turbulent mass fraction fluctuations, while 	B and 	C are inadequate.

This is clear not only from comparing the Y
′
rms,c/Y c magnitudes for the different

filters within individual windows but also from comparing the Y
′
rms,c/Y c magnitudes

between windows. For filter A, the Y
′
rms,c/Y c curves for adjacent windows overlap

well, notwithstanding that the relative resolution in the overlap region of the adjacent

windows differs (table 4). For filters B and C, the adjacent Y
′
rms,c/Y c curves do not

overlap. However, figure 26(a) shows that the curve for filter C in window III does
overlap with the filter B curve in window IV, and a similar pattern is seen for the filter
C/window IV and filter B/window V curves. This observation is consistent with the
resolution estimates in table 4; for example, the relative resolution at the downstream
side of window III for filter C is 	C/λD,d = 3.1, while the relative resolution at
the upstream side of window IV for filter B is 	B/λD,u = 3.0. For Re0 = 2500, the
resolution estimates predict similar overlaps of the filter C curves in a given window
with the filter B curves in the successive downstream windows, which is generally
confirmed by the results in figure 26(b).

To examine the effect of spatial filtering on the measured scalar dissipation rates,
figure 27 shows mean radial profiles of (∂Y/∂x)2 + 2(∂Y/∂r)2, the estimated squared
three-dimensional gradient of Y , for Re0 = 2500, normalized by their centreline values

and plotted against r/δ0.5,Y . Unlike the Y
′
rms profiles, the mean (∂Y/∂x)2 + 2(∂Y/∂r)2

profiles are very sensitive to the filter size for both radial locations. The ratio of
the peak mean squared gradient to the centreline value, which is ∼1.1–1.2 for the
unfiltered mass fractions, increases slightly for filter A, is in excess of 2 for filter B
and is of the order of four for filter C. The radial position of the peak value may also
be increasing with increasing filter size, but the small number of radial points for the
larger filters makes it difficult to specify the position of the peak.

The discrepancy between the grid independence of the asymptotic Y
′

profiles in
figure 25(b), and the grid dependence of the ∇Y · ∇Y profiles in figure 27, points to
differences in the spatial distributions of the relevant length scales. As mentioned

above, the insensitivity of the Y
′

profiles to the filter size suggests that the length
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Figure 28. Axial evolution of 〈∇Y · ∇Y 〉c , the true squared three-dimensional gradient of the
filtered mass fraction on the centreline, for (a) Re0 = 800 and (b) Re0 = 2500.

scales relevant to the scalar fluctuations are uniformly distributed across the radial
span of the flow, so that the effect of a given filter is also uniform. In contrast,
the length scales characteristic of scalar dissipation structures appear to be smaller
towards the centreline of the jet, with the result that the spatial gradients there are
reduced more noticeably with larger filter sizes. This non-uniformity of spatial scales
does not appear to be the result of incomplete flow development in the axial direction,
since the profiles for Re0 = 2500 at x = 15d and 30d are consistent with each other.
The tendency of larger dissipation structures to occur at the outer boundary of the
jet has previously been suggested by Pitts, Richards & Levenson (1999).

Figure 28 shows the axial evolution of 〈∇Y · ∇Y 〉c, the true squared three-
dimensional gradient of the filtered mass fraction on the centreline, computed from
the in-plane gradient components using (3.2), for Re0 = 800 and 2500. The abscissas
account for the virtual origins. The best fit power-law curves from the unfiltered
results are shown for comparison. In contrast with the fluctuation results, the mean
gradient magnitudes for Y are reduced relative to the results for Y even for filter A,
suggesting that the grid spacing 	A is already inadequate to resolve the structures in
the scalar dissipation rate field. The overlap between the curves in adjacent windows is
slightly worse for filter A compared with the results for Y , while the power-law slope
is not substantially changed. For filters B and C, the overlap between adjacent curves
is notably worsened, and the results seem to indicate that the decay in the squared
Y gradients becomes faster for the larger filter sizes. This last observation implies
that the dissipation rate field is increasingly dominated by smaller spatial structures,
which are more sensitive to spatial filtering, as the flow moves downstream. A possible
explanation for this may be that in the near field, dissipation layers are more likely to
exist at the interfaces between widely separated values of mass fraction, for example
pure helium and pure air, which may tend to support thicker layers. That is while
the length scale estimate λD(x) may describe the smallest local dissipation layers or
even the average size of the local dissipation layers, the mean squared mass fraction
gradient (and thus the mean dissipation rate) may nevertheless reflect the presence
of larger structures in the near field and the gradual reduction in the importance of
those larger structures with increasing x.

The apparent increase in the decay rates for the squared gradient of the filtered
mass fraction with increasing filter size, seen in figure 28, also suggests that the
effect of under-resolution in measurements of the scalar dissipation rate would be
to overestimate the exponent n in the power-law scaling χc ∝ x−n. The discrepancy
between the present estimate of n ≈ 2.7 (figure 24) and the theoretical prediction
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of n = 4 cannot then be explained by inadequate resolution. Section 3.5 previously
enumerated possible physical explanations for this discrepancy.

The results in figures 26 and 28 make particularly clear that LES grid-scale results
for scalar fluctuations and gradients must properly be validated by comparison with
appropriately filtered experimental results. The fluctuation levels vary by up to 30 %
for the range of the resolution levels considered here. The differences between the
squared scalar gradients at different resolution levels are especially striking, given the
logarithmic scale used in figure 28.

4. Conclusions
This work has demonstrated the application of planar Rayleigh scattering to

quantitative measurements of mixing in axisymmetric turbulent helium jets issuing
into air. The measurements span jet Reynolds numbers Re0 = 800, 1500 and 2500,
corresponding to estimated outer-scale Reynolds numbers Reδ = 5400, 10 100 and
16 800. The imaging region focuses on the relatively near field, up to 38 jet diameters
downstream from the exit. In this measurement range the flows are momentum
driven or at most have just entered the transitional range between being momentum
or buoyancy driven. The sub-windows that cover the measurement region are sized
to ensure spatial resolution sufficient for accurate determination of scalar fluctuations
and scalar dissipation rates. The data reduction process pays special attention to
corrections for background light levels and temporal and spatial variations in incident
laser energy. The data reduction is sufficiently robust so that scaling quantities are
consistently measured even across multiple imaging windows.

The mean jet fluid concentration fields, expressed in terms of either the mole
fraction, X, or the mass fraction, Y , attain self-similarity within the measurement
region, and jet-like scaling pertains for both the X and Y fields. The Y profiles are
consistent with results from constant-density jets, in agreement with the earlier work
of Richards & Pitts (1993). The X profiles, however, differ from constant-density
profiles in a manner that can be explained by variations of molar entrainment rates
with changes in jet-to-ambient fluid density ratios. The mole fraction results indicate
a reduction in turbulent transport at the jet outer boundary for these low-density jets.
Mass and mole fraction fluctuation profiles are also self-similar. Again, mass fraction
fluctuation profiles and magnitudes are consistent with constant-density results, while
the X′ profiles and magnitudes are density dependent. The density dependence of
the mole fraction results, which is particularly evident near the jet boundary, has
implications for applications such as turbulent non-premixed combustion. It is well
known that reaction zones in non-premixed jet flames tend towards the outer boundary
of the jet, and flame stabilization in lifted flames appears also to be very sensitive to
the details of the mixing in that region (e.g. Su et al. 2006).

The scalar dissipation rates show an axial decay rate slower than theoretical
predictions for the jet. This is not probably the result of density variations in the
present flow, given the agreement of the scaling properties of Y and Y ′ with the jet
predictions; nor does the discrepancy appear to be due to resolution limitations, which
have hampered prior experimental efforts to measure scalar dissipation rate scaling.
From the present results, it seems more likely that the discrepancy with theoretical
predictions is because of a lack of self-similarity of the present scalar dissipation rate
profiles in the measurement region.

The two-dimensional extent of the measurements also allows spatial filtering similar
to that inherent in LESs. The results confirm that fluctuation levels and scalar



94 L. K. Su, D. B. Helmer and C. J. Brownell

dissipation rates determined for the filtered fields are reduced as the effective resolution
is reduced, but while the fluctuation profiles for the filtered fields are similar for the
different filter sizes, the forms of the scalar dissipation profiles are highly dependent on
filter size. Experimental results such as these, which can be filtered to emulate varying
levels of (under-)resolution, will be particularly useful for a posteriori assessments
of LES results, by allowing for proper consideration of the grid dependence of LES
results.
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Science Foundation under grants CBET-0348208 and CBET-0534818.
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